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Abstract
We prove an analog of the Tian-Todorov theorem for twisted generalized
Calabi-Yau manifolds; namely, we show that the moduli space of generalized
complex structures on a compact twisted generalized Calabi-Yau manifold is
un-obstructed and smooth. We also construct the extended moduli space and
study its Frobenius structure. The physical implications are also discussed.
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1 Introduction
Generalized complex geometry, recently introduced by Hitchin [10] and developed
more thoroughly by Gualtieri [8], has attracted growing attention in both mathemat-
ics and physics. Mathematically, perhaps the most striking fact is that generalized
complex geometry unifies symplectic geometry and complex geometry; this prop-
erty may shed new light on the mysteries of mirror symmetry [2]. From the physical
point of view, generalized complex geometry has already found many applications
in string theory; see refs. [12, 17, 13, 6, 4, 28] for a very selected list of examples.
The deformation theory of generalized complex structures is studied by Gualtieri
in Ref. [8]. As in the case of complex geometry where the inequivalent infinitesimal
deformations of the complex structure are given by the first cohomology of the
tangent sheaf, infinitesimal deformations of a generalized complex structure are also
described by a cohomology group: the second cohomology group of a Lie algebroid
that is intrinsically associated with the generalized complex structure. This space
of infinitesimal deformations is obstructed in general, and the obstruction lies in the
third cohomology of the same Lie algebroid. On a generalized complex manifold
with non-vanishing third Lie algebroid cohomology, it is usually not a trivial task
to determine whether a given infinitesimal deformation is obstructed or not.
To make further progress, one needs to make additional assumptions about or
impose additional structures on the generalized complex manifold under consider-
ation. In this article, we investigate the interesting case of generalized Calabi-Yau
manifolds, which are generalized complex manifolds with additional structures and
whose precise definition will be recalled in Sec. 4. Generalized Calabi-Yau manifolds
are interesting objects because they appear to be the natural candidates on which
mirror symmetry acts; furthermore, string theory models based on compactifica-
tion on generalized Calabi-Yau manifolds have already generated a lot of interest
lately. Understanding the deformation theory of generalized Calabi-Yau manifolds
is therefore important for both mathematical and physical reasons.
We first recall some known facts about deformations of complex structure on
an ordinary Calabi-Yau manifold. Let X be a complex manifold, and T its tan-
gent sheaf. As already mentioned, the infinitesimal deformations of the complex
structure are parameterized by the sheaf cohomology group H1(T ); furthermore,
the obstruction map lives in the second sheaf cohomology H2(T ) [15]. In the case of
Calabi-Yau manifolds1, however, one can make a much stronger statement. It was
1There are several inequivalent definitions of Calabi-Yau manifolds in the literature. The proper
definition in our context is that of a Ka¨hler manifold with holomorphically trivial canonical bundle
or, equivalently, a Riemannian manifold with holonomy group H ⊆ SU(n). See Sec. 4 for more
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shown by Tian [23] and Todorov [24] that the obstruction map vanishes for com-
pact Calabi-Yau manifolds, and therefore the moduli space of complex structures is
smooth and of complex dimension dimH1(T ). We prove in this article an analog of
the Tian-Todorov theorem for (twisted) generalized Calabi-Yau manifolds. Namely,
the moduli space of generalized complex structures on a compact (twisted) general-
ized Calabi-Yau manifold is un-obstructed and smooth, and has the same dimension
as the second cohomology group of the canonically associated Lie algebroid.
There is a further generalization of the above mentioned results. In modern de-
formation theory, one assigns a functor to a given algebraic structure to describe its
deformations. Under favorable conditions, this deformation functor can be repre-
sented by a formal moduli space. This is the case for deformations associated with a
generalized Calabi-Yau manifold, where the relevant algebraic structure is that of a
differential graded Lie algebra2 that is intrinsically associated with the generalized
Calabi-Yau structure. We call the moduli space so constructed the extended moduli
space, and it includes the moduli space of generalized complex structures as a sub-
space. In the case of ordinary Calabi-Yau manifold, the extended moduli space was
constructed and analyzed by Barannikov and Kontsevich in Ref. [1]. In this paper,
we extend this analysis to twisted generalized Calabi-Yau manifolds, and comment
on the physical significance.
This paper is organized as follows. We recall some basic facts of generalized
complex geometry and generalized Ka¨hler geometry in Sec. 2; this also serves to
explain our conventions and notation. Then we briefly review the deformation theory
of generalized complex structures in Sec. 3. In Sec. 4, after giving some preliminary
definitions about generalized Calabi-Yau manifolds, we proceed to prove a vanishing
theorem (Theorem 5) for compact generalized Calabi-Yau manifolds. This is one of
the main results in this paper. In Sec. 5, we construct the extended moduli space
for generalized Calabi-Yau manifolds and study its key properties (the Frobenius
structure). Finally, we give physical interpretation of our results in Sec. 6.
2 Generalized Complex Manifolds and General-
ized Ka¨hler Manifolds
In this section, we recall some basic definitions in generalized complex geometry
and generalized Ka¨hler geometry. The reader is referred to Ref. [8] for a more
discussion on this point.
2More precisely, a differential Gerstenhaber algebra.
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comprehensive treatment.
Let M be a smooth manifold, and T its tangent bundle. The hallmark of gener-
alized geometries is that geometric structures are defined on T ⊕T ∗, rather than on
T or T ∗ alone [10]. A noted difference of T ⊕ T ∗ from T is that it is equipped with
a canonical nondegenerate inner product, which is given by
〈X + ξ, Y + η〉 =
1
2
(ιXη + ιY ξ), ∀ X, Y ∈ C
∞(T ), ξ, η ∈ C∞(T ∗).
There is also a canonical bracket on T ⊕ T ∗, the Courant bracket, which is defined
by
[X + ξ, Y + η] = [X, Y ] + LXη − LY ξ −
1
2
d(ιXη − ιY ξ).
Here, on the right-hand side, [, ] denotes the usual Lie bracket of vector fields.
Equipped with this bracket structure, T ⊕T ∗ is an example of the so-called Courant
algebroids [18]. When restricted to an involutive isotropic subbundle of T ⊕ T ∗,
the Courant bracket becomes a Lie bracket, and the Courant algebroid structure
reduces to a Lie algebroid structure3.
A generalized almost complex structure on M is a smooth section J of the
endomorphism bundle End (T ⊕T ∗), which is orthogonal with respect to the canon-
ical inner product, and squares to minus identity on T ⊕ T ∗. Like almost complex
structures, generalized almost complex structures only exist on even-dimensional
manifolds. Let E ⊂ (T ⊕ T ∗) ⊗ C be the +i-eigenbundle of J . The generalized
almost complex structure is said to be integrable if E is closed under the Courant
bracket. In this case, J is called a generalized complex structure. Note that E is a
maximal isotropic subbundle of (T ⊕T ∗)⊗C, so the Courant algebroid structure of
T ⊕T ∗ endows E with the structure of a complex Lie algebroid. This association of
a Lie algebroid to a generalized complex structure is important. Certain cohomol-
ogy of the Lie algebroid governs the infinitesimal deformations of the generalized
complex structure J [8], as we shall see in Sec. 3.
On a generalized almost complex manifold (M,J ) of real dimension 2N , there
is an alternative grading on the space of smooth complex differential forms:
Ω•(M,C) ≃ U0 ⊕ U1 ⊕ · · · ⊕ U2N . (1)
Here U0 is the canonical line bundle of (M,J ), whose sections are forms annihilated
by E via the spin representation:
(X + ξ) · α = ιXα + ξ ∧ α, ∀X ∈ C
∞(T ), Y ∈ C∞(T ∗), α ∈ Ω•(M,C).
3For an in-depth treatment of Lie algebroids, see Ref. [19].
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The spin representation induces a natural action of ∧•E∗ by linearity, and Uk ≡
∧kE∗ · U0. In the following, we adopt the convention that the action of A = A1 ∧
A2 ∧ · · · ∧ Ak ∈ C
∞(∧kE∗) on Ω•(M,C) be given by
A · α = (A1 ∧ A2 ∧ · · · ∧Ak) · α ≡ A1 · A2 . . . Ak · α, ∀α ∈ Ω
•(M,C).
According to this convention, (A ∧ B) · α = A · B · α for any A,B ∈ C∞(∧•E∗).
The alternative grading in (1) can be used to define the generalized Dolbeault
operators [8], which we denote by ∂J and ∂¯J to signify their dependence on the
generalized almost complex structure J . It can be shown that J is integrable if
and only if d = ∂J + ∂¯J .
A generalized Ka¨hler structure is a triple (M, I,J ), such that I and J are a
pair of commuting generalized complex structures on M , and that G : (A,B) 7→
−〈IJA,B〉 defines a positive-definite metric on T ⊕ T ∗. An important property of
generalized Ka¨hler manifolds is that they satisfy a generalized version of the Ka¨hler
identities [9]. Let (M,J1,J2) be a compact generalized Ka¨hler manifold, and let
∂J , ∂¯J be the generalized Dolbeault operators for either J1 or J2. Let ∆d, ∆∂J ,
and ∆∂¯J be the canonically associated Laplacians for d, ∂J , and ∂¯J , respectively.
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The generalized Ka¨hler identities then imply
∆d = 2∆∂J = 2∆∂¯J . (2)
A direct consequence of (2) is that a generalized version of the ∂∂¯-lemma holds
for ∂J and ∂¯J , a fact that will be important for us in the following. Aspects of
the generalized ∂∂¯-lemma in the context of generalized geometries are discussed by
Cavalcanti [3].
Everything said so far can be twisted by a real closed 3-form H ∈ Ω3closed(M).
The twisted Courant bracket is defined by
[X + ξ, Y + η]H = [X + ξ, Y + η] + ιY ιXH, ∀ X, Y ∈ C
∞(T ), ξ, η ∈ C∞(T ∗).
One defines twisted generalized complex structures and twisted generalized Ka¨hler
structures in an obvious way, replacing the Courant bracket by its twisted counter-
part everywhere. The alternative decomposition of differential forms in (1) and the
definition of generalized Dolbeault operators remain essentially unchanged, except
that the integrability condition now reads dH = ∂J ,H + ∂¯J ,H , where dH = d−H∧ is
4These Laplacians are constructed by using the Born-Infeld metric, which derives from the
generalized Riemannian metric G. See [9] for details.
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the twisted de Rham differential. There is also a twisted version of (2) on a compact
twisted generalized Ka¨hler manifold:
∆dH = 2∆∂H = 2∆∂¯H . (3)
Here and in the following, we write ∂H and ∂¯H for ∂J ,H and ∂¯J ,H when there is no
chance for confusion.
3 Deformation Theory of Generalized Complex
Structures
In this section, we review the deformation theory of generalized complex structures
developed by Gualtieri [8]. If one recalls the relation between a generalized complex
structure and its associated Lie algebroid E, deformations of J can be regarded as
variations of E inside the space of maximal isotropic subbundles of real index zero,
with some extra integrability condition. An admissible variation of E is represented
by an element ǫ ∈ C∞(∧2E∗), which can be regarded as a bundle map E → E∗ :
A 7→ Ayǫ. It deforms the eigenbundle E to Eǫ = (1 + ǫ)E. It turns out that Eǫ
corresponds to an integrable deformation of J if and only if the Maurer-Cartan
equation is satisfied:
dEǫ+
1
2
[ǫ, ǫ] = 0. (4)
Here the bracket denotes the Schouten bracket on ∧•E∗, which is derived from the
Lie bracket on E∗, and dE is the Lie algebroid differential on ∧
•E∗. Infinitesimal
deformations, which are solutions to the linearized Maurer-Cartan equation, dEǫ =
0, can be shown to correspond to the second Lie algebroid cohomology H2(dE) [8].
Given an infinitesimal deformation, there are obstructions to integrating it into
a finite deformation of the generalized complex structure that satisfies the Maurer-
Cartan equation (4). The obstructions can be shown to live in H3(dE). More
precisely, one has the following theorem.
Theorem 1 (Gualtieri, [8]) There exists an open neighborhood U ⊂ H2(dE) con-
taining zero that parameterizes a smooth family of generalized almost complex de-
formations of J , and an analytic obstruction map Φ : U → H3(dE) with Φ(0) = 0
and dΦ(0) = 0, such that the integrable deformations are the ones in the sub-family
M = Φ−1(0). Any sufficiently small deformation of J is equivalent to at least one
member of the family M. In the case that the obstruction map vanishes, M is a
smooth locally complete family.
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On a generalized complex manifold with H3(dE) = 0, the obstruction map van-
ishes automatically, and M admits a smooth family of deformations of dimension
dimH2(dE) according to Theorem 1. However, the assumption H
3(dE) = 0 is nei-
ther necessary nor natural. As we show in the next section, there is a far more
interesting class of manifolds that also enjoy the special property of having a van-
ishing obstruction map.
4 Deformations on a Compact Twisted General-
ized Calabi-Yau Manifold
4.1 Some definitions
There are several different notions of generalized Calabi-Yau manifolds used in the
mathematics and physics literature. To avoid possible confusions, we introduce some
definitions to differentiate among them. We start with the most general one, which
is also the original definition introduced by Hitchin.
Definition 1 (Hitchin, [10]) A weak generalized Calabi-Yau manifold is a gener-
alized complex manifold (M,J ), such that its canonical line bundle is generalized
holomorphically trivial, i.e., there exists a nowhere zero section Ω of the canonical
bundle such that dΩ = ∂¯JΩ = 0. If there is a closed 3-form H, one defines a weak
twisted generalized Calabi-Yau structure similarly, by requiring dHΩ = ∂¯HΩ = 0.
The section Ω is sometimes referred to as a generalized holomorphic volume form
on (M,J ).
The scope of weak generalized Calabi-Yau manifolds is rather broad; in partic-
ular, any symplectic manifold is a weak generalized Calabi-Yau manifold. To make
analogy with an ordinary Calabi-Yau manifold, which usually comes with (or ad-
mits) a Ka¨hler structure, we should impose additional structures. This motivates
the following series of increasingly restrictive definitions.
Definition 2 A generalized Calabi-Yau manifold is a triple (M,J ; I), such that
it is a generalized Ka¨hler manifold with commuting generalized complex structures
(I,J ), and that (M,J ) defines a weak generalized Calabi-Yau structure.
Definition 3 A strong generalized Calabi-Yau manifold is a generalized Calabi-Yau
manifold (M,J ; I), such that the canonical line bundle for I is topologically trivial.
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Definition 4 (Gualtieri, [8]) A generalized Calabi-Yau metric is a generalized
Ka¨hler manifold (M, I,J ), such that both (M, I) and (M,J ) define weak gener-
alized Calabi-Yau structures.
Obviously, there is also an H-twisted version for each of them.
Where do ordinary Calabi-Yau manifolds fit in? Unfortunately this is an impre-
cise question, since there are several slightly different but inequivalent definitions of
Calabi-Yau manifolds in the literature as well5. A commonly used version is that of
a Ka¨hler manifold whose first Chern class is trivial; this is also the type of geometric
structure studied in Yau’s proof of the Calabi conjecture [27]. According to our ter-
minology, it is actually an example of strong generalized Calabi-Yau manifolds, with
the Ka¨hler form defining a weak generalized Calabi-Yau structure. Another popular
definition of a Calabi-Yau manifold is a Riemannian manifold with SU(n) holonomy,
and its popularity largely comes from string compactification applications. In our
terminology, it corresponds to a generalized Calabi-Yau metric.
In this section, we shall prove a vanishing theorem for compact (twisted) gener-
alized Calabi-Yau manifolds (Theorem 5). It is a generalization of the well-known
Tian-Todorov theorem [23, 24], which states that the moduli space of complex struc-
tures on a compact Calabi-Yau manifold (in the sense of an SU(n) holonomy mani-
fold) is un-obstructed, to the realm of generalized geometries. As pointed out above,
an SU(n) manifold is an example of generalized Calabi-Yau metrics, which are quite
more restrictive than the generalized Calabi-Yau structure given in Def. 2. Our re-
sults then suggest that even in the traditional setting (i.e., in the ‘non-generalized’
setting), the results of Tian and Todorov can be extended beyond SU(n) holon-
omy manifolds6. Indeed, this fact was already pointed out by Tian in Ref. [23].
Generalized geometries provide a natural framework for this extension.
But is the generalized Calabi-Yau structure (as in Definition 2) a necessary con-
dition for the vanishing theorem to hold? Strictly speaking, this is not so. As it
will become clear in the next subsection, provided that one has a weak generalized
Calabi-Yau structure, and that a form of the identity (2) holds, the vanishing theo-
rem should still hold. However, we do not know at this point how to categorize the
most general manifolds that have these properties in simple terms. In this article, we
shall focus exclusively on generalized Calabi-Yau manifolds, even though the results
are applicable to more general situations.
5See Ref. [11], Chap. 5, for a list of different definitions.
6In particular, they can be extended to manifolds that do not admit Ka¨hler structure.
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4.2 The vanishing theorem
First we prove some preliminary results. Let (M,J ) be an H-twisted generalized
complex manifold, and E the +i-eigenbundle of J as before. Recall that the space
of smooth complex differential forms are decomposed into eigenspaces of J as in
Eq. (1). The twisted Courant bracket restricts to a Lie bracket on E∗ ≃ E¯. This
Lie bracket can be extended into a Schouten bracket on ∧•E∗, which we continue
to denote by [, ]H ; it is defined by
[A,B]H =
∑
i,j
(−1)i+j [Ai, Bj]H ∧A1 ∧ · · · Aˆi · · · ∧Ap ∧ B1 ∧ · · · Bˆj · · · ∧Bq,
where A = A1 ∧ · · · ∧ Ap ∈ C
∞(∧pE∗) and B = B1 ∧ · · · ∧Bq ∈ C
∞(∧qE∗).
Lemma 2 Let ρ be an arbitrary smooth differential form. For any A ∈ C∞(∧pE∗),
B ∈ C∞(∧qE∗), one has
dH(A · B · ρ) = (−1)
pA · dH(B · ρ) + (−1)
(p−1)qB · dH(A · ρ)
+ (−1)p−1[A,B]H · ρ+ (−1)
p+q+1A · B · dHρ (5)
Proof: It suffices to assume A = A1 ∧A2∧ · · ·∧Ap, B = B1∧B2 ∧ · · ·∧Bq, where
all Ai’s and Bi’s are smooth sections of E
∗. We proceed by induction. The case of
p = q = 1 is already proven in the literature. It is proved in Ref. [8] that
A · B · dρ = d(B · A · ρ) +B · d(A · ρ)− A · d(B · ρ) + [A,B] · ρ− d〈A,B〉 ∧ ρ
for any A,B ∈ C∞(T ⊕T ∗). The H-twisted version is proved in Ref. [13]. As we are
restricting to A,B ∈ C∞(E∗), the term involving the inner product can be dropped,
and we obtain (5) for p = q = 1.
Now suppose (5) holds for all p ≤ k, q = ℓ. We show that it also holds for
p = k + 1, q = ℓ. Assume A = A0 ∧ A˜, where A˜ = A1 ∧ A2 ∧ · · · ∧ Ak, and
B = B1 ∧ B2 ∧ · · · ∧ Bℓ, with all Ai, Bi ∈ C
∞(E∗). Write A0 = X + ξ, where
8
X ∈ C∞(T ) and ξ ∈ C∞(T ∗). We have
dH(A · B · ρ) = dH(ιX + ξ∧)(A˜ · B · ρ)
= (LX + dξ ∧ −ιXH∧)A˜ · B · ρ−A0 · dH(A˜ · B · ρ)
= (LX + dξ ∧ −ιXH∧)A˜ · B · ρ
− A0 ·
(
(−1)kA˜ · dH(B · ρ) + (−1)
(k−1)ℓB · dH(A˜ · ρ)
+ (−1)k−1[A˜, B]H · ρ+ (−1)
k+ℓ+1A˜ ·B · dHρ
)
= (LX + dξ ∧ −ιXH∧)A˜ · B · ρ
+ (−1)k+1A · dH(B · ρ)− (−1)
kℓB · A0dH(A˜ · ρ)
+ (−1)kA0 · [A˜, B]H · ρ+ (−1)
k+ℓA · B · dHρ
= (−1)k+1A · dH(B · ρ) + (−1)
kℓB · dH(A · ρ)
+ (−1)k+ℓA ·B · dHρ+ (−1)
k(A0 ∧ [A˜, B]H) · ρ
+ (LX + dξ ∧ −ιXH∧)A˜ · B · ρ
− (−1)kℓB · (LX + dξ ∧ −ιXH∧)A˜ · ρ (6)
Furthermore, we note that for any C = Y + η ∈ C∞(E∗) and any α ∈ Ω•(M,C),
[LX + dξ ∧ −ιXH∧, C·]α = [LX + dξ ∧ −ιXH∧, ιY + η∧]α
=
(
ι[X,Y ] + LXη − ιY (dξ) ∧+ιY ιXH ∧
)
α
= [A0, C]H · α.
It is then straightforward to check that the last two terms on the right-hand side of
(6) combine to give
(−1)kℓ ([A0, B]H ∧ A˜) · ρ.
Substituting it back to (6) yields
dH(A · B · ρ) = (−1)
k+1A · dH(B · ρ) + (−1)
kℓB · dH(A · ρ)
+ (−1)k [A,B]H · ρ+ (−1)
k+ℓA · B · dHρ.
This proves (5) for q = ℓ and all p ≥ 1. Since (5) is graded symmetric in A and B,
it must hold for all p and q. ✷
If (M,J ) is anH-twisted weak generalized Calabi-Yau manifold, and Ω a nowhere
zero dH-closed section of U0 (i.e., a generalized holomorphic volume form), then any
A ∈ C∞(∧•E∗) is canonically associated with a differential form A′ ≡ A · Ω via the
spin representation. One has the following corollary.
9
Corollary 3 Let A ∈ C∞(∧pE∗), B ∈ C∞(∧qE∗). If both A′ and B′ are ∂H-closed,
then the following identity holds
∂H(A ∧B)
′ = (−1)p−1 [A,B]′H .
Proof: This is an immediate consequence of Lemma 2 by letting ρ = Ω ∈ C∞(U0)
and projecting Eq. (5) to Up+q−1. ✷
In fact, the map ′ : C∞(∧•E∗) → Ω•(M,C) establishes a complex isomorphism
between (C∞(∧•E∗), dE) and (Ω
•(M,C), ∂¯H). This fact follows from the assertion
that (Ω•(M,C), ∂¯H) is a Lie algebroid module over the differential graded complex
(∧•E∗, dE) [8]. Due to the importance of this result in the following, we provide an
independent proof here.
Proposition 4 For any α ∈ C∞(∧•E∗), we have
(dEα)
′ = ∂¯H(α
′). (7)
Proof: It suffices to assume α to have a definite grade, and we prove the proposition
by induction. For any f ∈ C∞(M), A ∈ C∞(E), we have
A · (dEf)
′ = (AydEf)Ω = π(A)fΩ = A · df ∧ Ω = A · dH(fΩ)
where π denotes the anchor map of E. As A is arbitrary, one has (dEf)·Ω = dH(fΩ).
Now suppose α ∈ C∞(E∗). Given any A,B ∈ C∞(E),
A · B · (dEα)
′ = A · (BydEα) · Ω
= dEα(B,A)Ω
=
(
− π(A)α(B) + π(B)α(A) + α([A,B])
)
Ω.
On the other hand, if we denote B = Y + η, Y ∈ C∞(T ), η ∈ C∞(T ∗),
A · B · ∂¯H(α
′) = A · B · dH(α · Ω)
= A · (LY + dη − ιYH)α
′ −A · dH(B · α · Ω)
= [A,B]H · α · Ω +B · dH(A · α
′)− A · dH(α(B)Ω)
= α([A,B])Ω +B · dE(α(A)) · Ω− A · dE(α(B)) · Ω
=
(
α([A,B]) + π(B)α(A))− π(A)α(B)
)
Ω.
As A,B are arbitrary, the relation (7) holds for α ∈ C∞(E∗). By the standard
induction argument, it is easy to show that (7) is true for any α ∈ C∞(∧•E∗). ✷
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A direct consequence of this proposition is that the dE-cohomology and the ∂¯H -
cohomology are isomorphic and can be used interchangeably.
We are now ready to state the main theorem of this section.
Theorem 5 Let (M,J ; I) be a compact H-twisted generalized Calabi-Yau mani-
fold as in Definition 2. Then the obstruction map for deformations of J vanishes.
In particular, sufficiently small deformations of J are parameterized by a smooth
moduli space M of complex dimension dimCH
2(dE).
Proof: Let us first define several (quasi-)elliptic differential operators. Recall
that G = −IJ defines a positive-definite metric on T ⊕T ∗, and it induces a natural
Hermitian inner product on Ω•(M,C) (therefore also on C∞(∧•E∗)) that generalizes
the familiar Hodge inner product in ordinary Riemannian geometry [9]. Let us
denote this Hermitian inner product by (α, β) for α, β ∈ Ω•(M,C). Let ∂¯H , ∂H be
the generalized Dolbeault operators associated with J . Their adjoints with respect
to this Hermitian product are denoted by ∂¯†H and ∂
†
H , respectively. Let G be the
Green operator for the Laplacian ∆∂¯H , and Q the smoothing operator Q = ∂¯
†
HG.
We have the following useful identity on Ω•(M,C):
id = H+ ∂¯HQ +Q∂¯H , (8)
where H denotes the orthogonal projection to the ∂¯H-harmonics. Due to the relation
(2), there is no need to distinguish ∂¯H , ∂H , or dH-harmonics. We denote the space
of harmonic forms by H•(M), with the grading specified by (1).
We prove the theorem by showing that for any infinitesimal deformation, which
is parameterized by a class [θ] ∈ H2(dE), one can always construct a power series
solution to the Maurer-Cartan equation (4) in the form of
ǫ(t) =
∑
a
ǫata +
1
2
∑
a1,a2
ǫa1a2ta1ta2 + · · · ∈ C
∞(∧2E∗)⊗ C[[th]],
where h = H2(dE), such that
1) ǫa are a basis of H
2(M) and ǫata is the harmonic representative of [θ];
2) all ǫa1...ak , k ≥ 2, are ∂H -exact and ∂¯
†
H-closed.
3) ǫ(t) is uniformly convergent in a neighborhood of 0.
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For simplicity of the notation, we shall prove the following equivalent result:
for any class [θ] ∈ H2(dE), there is a power series solution to the Maurer-Cartan
equation in the form of
ǫ =
∑
i≥1
ǫit
i, t ∈ C, ǫi ∈ C
∞(∧2E∗), ∀ i,
such that
1’) ǫ1 is the harmonic representative of [θ];
2’) all ǫk, k ≥ 2, are ∂H -exact and ∂¯
†
H-closed;
3’) ǫ(t) converges uniformly in a neighborhood of t = 0.
To show this, let us rewrite the Maurer-Cartan equation using (7):
∂¯Hǫ
′ +
1
2
[ǫ, ǫ]′ = 0,
which is equivalent to the following series of equations:
∂¯Hǫ
′
1 = 0
∂¯Hǫ
′
2 = −
1
2
[ǫ1, ǫ1]
′
... (9)
∂¯Hǫ
′
n = −
1
2
n−1∑
i=1
[ǫi, ǫn−i]
′
...
The first equation in (9) is satisfied if we take ǫ1 to be the dE-harmonic representative
of [θ]. This is equivalent to ǫ′1 ∈ H
2(M).
By Corollary 3, ψ2 ≡ [ǫ1, ǫ1]
′
is ∂H-exact. By the general results of Hodge theory,
ψ2 has no harmonic component, i.e., Hψ2 = 0. It is also ∂¯H -closed, because
∂¯Hψ2 = (dE[ǫ1, ǫ1])
′
= ([dEǫ1, ǫ1]− [ǫ1, dEǫ1])
′
= 0.
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Applying the identity (8) on ψ2, we obtain ψ2 = ∂¯HQψ2. The second equation in
(9) is satisfied if we take
ǫ′2 = Qψ2 = −Q∂H(ǫ1 ∧ ǫ1)
′ = ∂HQ(ǫ1 ∧ ǫ1)
′.
Clearly it satisfies the condition 2’).
Now suppose we have found the solutions for the first n − 1 equations in (9),
n > 2, such that ∂¯†Hǫ
′
i = 0 and ǫ
′
i = ∂Hϕi for all 2 ≤ i < n. We construct below a
solution for the n-th equation:
∂¯Hǫ
′
n = −
1
2
n−1∑
k=1
[ǫk, ǫn−k]
′, (10)
which satisfies the condition 2’). Let ψn denote the right-hand side of (10). By
assumption, ∂Hǫ
′
i = 0 for all i < n. Corollary 3 shows that ψn is ∂H-exact, so
Hψn = 0. In addition, one has
− 2∂¯Hψn =
n−1∑
k=1
(dE [ǫk, ǫn−k])
′
=
n−1∑
k=1
([dEǫk, ǫn−k]− [ǫk, dEǫn−k])
′
= −
1
2
n−1∑
k=1
k−1∑
i=1
([[ǫi, ǫk−i], ǫn−k])
′ +
1
2
n−1∑
k=1
n−k−1∑
i=1
([ǫk, [ǫi, ǫn−k−i]])
′
= 2
∑
1≤i<j<k
i+j+k=n
([
ǫi, [ǫj , ǫk]
]
+
[
ǫj, [ǫk, ǫi]
]
+
[
ǫk, [ǫi, ǫj ]
])′
+
∑
1≤i6=k
2i+k=n
(
2
[
ǫi, [ǫi, ǫk]
]
+
[
ǫk, [ǫi, ǫi]
])′
+
∑
1≤i
3i=n
[
ǫi, [ǫi, ǫi]
]′
= 0
where in the last step we used the Jacobi identity for the Schouten bracket. Just as
in the case of ψ2, ǫ
′
n = Qψn solves (10), with condition 2’) satisfied.
Convergence properties of ǫ(t) can be established by using the standard argument
in deformation theory. For the sake of completeness, we give a proof that follows
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closely Ref. [14]. The only difference in our proof is that we work with a different
norm on the space of differential forms than the one used in [14].
Using the Hermitian metric introduced earlier, one can define the Sobolev k-
norm on the space of complex differential forms in the usual way. Note that the
choice of the Hermitian metric does not affect the equivalence class of the Sobolev
k-norm. For a differential form α, let us denote its Sobolev k-norm by ||α||k. Let
W k be the space of sections of ∧•T ∗
C
with bounded Sobolev k-norm, and one has the
following filtration of spaces
Ω•(M,C) ≡ C∞(∧•T ∗C) =W
∞ ⊂ · · · ⊂W k ⊂ · · · ⊂W 1 ⊂W 0 = L2(∧•T ∗C).
For elementary properties of Sobolev spaces that is suited for our discussion, see for
example refs. [7, 25]. The proof of the convergence of ǫ′(t) relies on the following
lemma:
Lemma 6 Let k be a positive integer. There exist positive constants c1 and c2 such
that ∀φ ∈ C∞(∧•E∗),
||Qφ′||k ≤ c1||φ
′||k−1,
||∂Hφ
′||k−1 ≤ c2||φ
′||k.
If k > 2N , where N = dimCM , there exists a constant c3 > 0 such that ∀φ, ψ ∈
C∞(∧•E∗),
||(φ ∧ ψ)′||k ≤ c3||φ
′||k · ||ψ
′||k.
Furthermore, c1, c2 and c3 depend only on k and the manifold M .
Proof: The first two inequalities are standard results on elliptic operators in
Sobolev spaces, and the third one is a direct consequence of the fact that if k >
dimRM , then there exists a positive constant c, which only depends on k and M ,
such that ||fg||k ≤ c||f ||k||g||k for any f, g ∈ C
∞(M). ✷
Let k > 2 dimCM and choose c1, c2 and c3 as in Lemma 6. Following [14], let us
introduce the following power series
a(t) =
b
λ
∞∑
n=1
λntn
n2
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where b is a positive constant such that b ≥ ||ǫ1||k, and λ = 8c1c2c3b. It is shown in
[14] that7
a(t)2 << 16
b
λ
a(t) =
2
c1c2c3
a(t).
We show that ǫ′(t) << a(t) with respect to the Sobolev k-norm. For n = 1, this is
obvious by the above choice of b and λ. Now assume ||ǫ′i||k ≤ ai for all i ≤ n − 1.
For i = n, we have
||ǫ′n||k = ||Qψn||k
≤ c1||ψn||k−1
≤
1
2
c1
n−1∑
i=1
||∂H(ǫi ∧ ǫn−i)
′||k−1
≤
1
2
c1c2c3
n−1∑
i=1
||ǫ′i||k||ǫ
′
n−i||k
≤
1
2
c1c2c3
[
a(t)2
]
n
≤ an
This shows ǫ′(t) << a(t) in Sobolev k-norm. As a(t) is convergent in |t| < 1/λ,
ǫ′(t) ∈ W k. Note that k can always be chosen such that k = dimCM +m + 1 for
some positive integer m ≥ 2. By Sobolev’s fundamental lemma, W k ⊂ Cm(U2), so
we have ǫ′(t) ∈ Cm(U2) or, equivalently, ǫ(t) ∈ C
m(∧2E∗). Acting on the Maurer-
Cartan equation by d†E, and noting that d
†
Eǫ(t) = 0 by construction, we obtain the
following quasi-linear PDE on ǫ:
∆dE ǫ+
1
2
d†E[ǫ, ǫ] = 0.
By a general result of PDE theory, ǫ(t) is smooth, i.e., ǫ(t) ∈ C∞(∧2E∗). ✷
Theorem 5 tells us that, for a compact generalized Calabi-Yau manifold (M,J ; I),
any infinitesimal deformation of J can be integrated into a finite one. Given such
a finite deformation of J , we have the following result on the deformation of the
associated weak generalized Calabi-Yau structure (M,J ).
7Given two series a(t) =
∑
n
ant
n and b(t) =
∑
n
bnt
n, the symbol a(t) << b(t) means b(t) is a
majorant of a(t), i.e., bn ≥ |an| for all n.
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Proposition 7 Let ǫ ∈ C∞(∧2E∗) be a solution to the Maurer-Cartan equation
(4), so that it denotes a finite deformation of J . If ǫ is sufficiently small, the
deformed generalized complex structure Jǫ still defines a weak generalized Calabi-
Yau structure, with the deformed generalized holomorphic volume form given by
Ωǫ = exp(−ǫ) · Ω.
Proof: We need to show that Ωǫ is a nowhere zero dH-closed section of the canonical
bundle for the deformed generalized complex structure Jǫ. The +i-eigenbundle of
Jǫ is spanned by elements of the form Aǫ = (1 + ǫ)A ≡ A + Ayǫ ∈ C
∞(Eǫ), where
A ∈ C∞(E). It is easy to show that
Aǫ · ρ = e
−ǫ · A · eǫ · ρ, ∀ ρ ∈ Ω•(M,C).
This immediately shows that Aǫ annihilates Ωǫ, so that Ωǫ is a section of the canon-
ical bundle of Jǫ. For ǫ sufficiently small, Ωǫ is also nowhere zero.
It then remains to show that dHΩǫ = 0. Using Lemma 2 and Corollary 3 , one
has
∂¯H(ǫ
n · Ω) = −
n
2
ǫn−1 · [ǫ, ǫ]′
∂H(ǫ
n+1 · Ω) = −
1
2
n(n+ 1) ǫn−1 · [ǫ, ǫ]′
It follows immediately that
dHΩǫ = (∂H + ∂¯H)
∑
n≥1
(−1)n
n!
ǫn · Ω = 0.
✷
5 Beyond the Classical Deformations
The deformations considered so far are associated with actual variations of the gen-
eralized complex structure. There is in a sense a more general type of deformations,
if one takes a more algebraic point of view. Recall that a generalized complex
structure J is naturally associated with a differential Gerstenhaber algebra8
g =
2n⊕
k=1
C∞(∧kE∗), (11)
8We remind that a differential Gerstenhaber algebra is a differential graded algebra (A,∧, d)
equipped with a grade-(−1) bracket [ ], such that the latter is compatible with the graded com-
mutative associative product ∧, and that d is a graded derivation of [, ].
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where the differential is the Lie algebroid differential dE, and the bracket is the
Schouten bracket on ∧•E∗. Instead of limiting ourselves to actual variations of J ,
one can consider deformations of the entire algebraic structure of g as a differential
Gerstenhaber algebra.
Modern deformation theory addresses this question by assigning to g a defor-
mation functor Defg, which on the general level associates an Artin algebra to a
set. We shall not go into details of the abstract deformation theory here, which is
discussed amply in the literature (see, for example, refs. [5, 22, 16]). However we
note the important fact that if g and g′ are quasi-isomorphic, then Defg ≃ Defg′. In
particular, if g is quasi-isomorphic to an abelian graded algebra h9, then the functor
Defg is isomorphic to Defh. The latter can be shown to be equivalent to the Hom-
functor of the algebra of functions on a formal space Mg. In such a case, Defg is
said to be representable, and Mg is called the formal moduli space of g.
If the differential Gerstenhaber algebra defined in (11) comes from a compact
(twisted) generalized Calabi-Yau manifold (M,J ; I), one can show (as we shall do
presently) that Defg is representable and the associated formal moduli space is a
true, smooth manifold, which we denote by Mˆ. We refer to Mˆ as the extended
moduli space of J . In addition to being a smooth manifold, it possesses the struc-
ture of a Frobenius manifold. In the special case that J comes from an ordinary
complex structure, the extended moduli space is the one constructed and analyzed
by Barannikov and Kontsevich in Ref. [1]. Merkulov subsequently showed that the
construction of [1] could be applied also to symplectic manifolds that satisfy the hard
Lefschetz condition [21]. In a broad sense10, our results include those of refs. [1, 21]
as special examples.
The moduli space M of actual deformations of J , which we studied in detail in
Sec. 4, is included as a subspace in Mˆ. We call deformations living inM the classical
deformations, and those living in Mˆ\M the non-classical deformations. Although
the geometric meaning of the non-classical deformations is somewhat obscure, their
physical interpretation is quite natural, as we shall discuss in Sec. 6.
9An abelian graded algebra can be regarded as a differential Gerstenhaber algebra with trivial
differential and bracket.
10As in Sec. 4, the assumption of generalized Calabi-Yau structure (as in Definition 2) is not
necessary; all the results in this section hold for (twisted) weak generalized Calabi-Yau manifolds
that satisfy the generalized ∂∂¯-lemma. In particular, this includes the scenario considered in
Ref. [21], as symplectic manifolds satisfying the hard Lefschetz condition satisfy a version of the
∂∂¯-lemma.
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5.1 The extended moduli space for a generalized Calabi-Yau
manifold
Let (M,J ; I) be a compact H-twisted generalized Calabi-Yau manifold, with Ω
being a generalized holomorphic volume form. Let E be the +i-eigenbundle of J .
As before, we denote the generalized Dolbeault operators associated with J by ∂H
and ∂¯H . Let g be the differential Gerstenhaber algebra defined in (11). As in [1],
one introduces a degree-(−1) differential ∆ (not to be confused with the Laplacians
introduced before), which is defined by
(∆α) · Ω = ∂H(α · Ω), ∀α ∈ C
∞(∧•E∗).
As a direct consequence of Lemma 2, the operator ∆ satisfies the following algebraic
relation: for any homogeneous A,B ∈ g,
(−1)|A|−1[A,B] = ∆(A ∧B)−∆A ∧B − (−1)|A|A ∧∆B. (12)
Namely, the Schouten bracket measures of the failure of ∆ being a graded derivation
for the associative produce ∧. Here we denote the grade of an element α by |α|.
Equipped with ∆, g acquires the additional structure of a BV algebra.
The associated formal moduli space can be constructed following the general
lines of Ref. [1]. Let h = H•(∆), which is isomorphic to H•(dE). We endow it
with the structure of a graded vector space by assigning degree p− 2 to elements in
Hp(∆). By a standard argument, it follows from Eq. (12) and the ∂H ∂¯H -lemma that
g and h[−2] are quasi-isomorphic differential Gerstenhaber algebras; thus, Defg is
representable. More specifically, if we define θa to be a homogeneous basis of h, and
ta a set of dual basis with degree |ta| = −|θa|, then Defg is represented by C[[th]],
the algebra of formal power series on h. It follows immediately that the formal
moduli space Mˆ associated to g is a smooth formal manifold of complex dimension∑
k dimH
k(dE).
For many physical and geometrical applications, knowing the existence of M as
a formal manifold is usually not good enough; instead, one often wants to know
whether the moduli space exists as a smooth manifold in the usual sense. For
example, this is the case when one studies admissible deformations of the generalized
B-model defined on a generalized Calabi-Yau manifold, as we shall discuss in Sec. 6.
A formal deformation represented as a power series in th is physically acceptable if
and only if it converges uniformly in a small neighborhood of the origin.
To address this question, let us go back to the definition of the formal moduli
space Mˆ: it is the set of solutions to the extended version of the Maurer-Cartan
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equation
dE ǫˆ+
1
2
[ǫˆ, ǫˆ] = 0, ǫˆ ∈ gˆ2, (13)
modulo gauge equivalence. Here gˆ is the graded tensor product g⊗ˆC[[th]]. The
differential dE and the Schouten bracket naturally extend to gˆ. The question then
boils down to whether one can construct a uniformly convergent solution to the
extended Maurer-Cartan equation for every element in H•(dE). This turns out to
be true, as one can check by repeating the analysis almost exactly as in the proof
of Theorem 5. We simply state the result.
Theorem 8 There exists a formal power series solution to the extended Maurer-
Cartan equation (13) in the form of
ǫˆ(t) =
∑
a
ǫˆat
a +
1
2
∑
a1,a2
ǫˆa1a2t
a1ta
2
+ · · ·
such that
• ǫˆ′a ≡ ǫˆa · Ω form a basis of the harmonic forms;
• All higher order terms ǫˆa1...ak for k ≥ 2 are ∆-exact and d
†
E-closed;
• The power series ǫˆ(t) is uniformly convergent in a neighborhood of t = 0.
The coordinates th are called the flat coordinates on Mˆ, for reasons that will become
apparent later.
Corollary 9 The extended moduli space of J on a compact (twisted) generalized
Calabi-Yau manifold (M,J ; I) is un-obstructed and smooth, and is of dimension∑
p dimH
p(dE).
5.2 The Frobenius structure and flat coordinates
In this subsection we show that the extended moduli space Mˆ is a Frobenius man-
ifold. In the case of ordinary Calabi-Yau manifolds, this fact is established by
Barannikov and Kontsevich [1] (see also the discussion in Ref. [20]). For general-
ized Calabi-Yau manifolds, initial steps in this direction have already been taken in
Ref. [13].
Let us first recall how integration is defined as a linear functional on g in Ref. [13].
Given a generalized holomorphic volume form Ω, one defines its conjugate Ω˜ as
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follows. Let ι be the automorphism11 of T ⊕ T ∗ that maps (X, ξ) to (X,−ξ). It is
easy to check that J˜ ≡ ι−1J ι is again a generalized complex structure, but twisted
by H˜ = −H ; in fact, (M, J˜ ) defines a weak generalized Calabi-Yau structure twisted
by H˜. The conjugate Ω˜ is then defined to be a generalized holomorphic volume form
of (M, J˜ )12. One can fix the ambiguity by requiring Ω˜ to have the same norm as Ω.
Given α ∈ g, we define its integration to be
∫
α ≡
∫
M
Ω˜ ∧ (α · Ω). (14)
Proposition 10 Let α, β be homogeneous elements in g. Then the following iden-
tities hold: ∫
dEα ∧ β = (−1)
|α|+1
∫
α ∧ dEβ∫
α ∧∆β = (−1)|α|
∫
∆α ∧ β.
Proof: The first identity is essentially proven in Ref. [13], where it is shown that
the integral (14) for a dE-exact element vanishes. The second identity holds since
∫
α ∧∆β =
∫
M
Ω˜ ∧ α · ∂J ,H(β · Ω)
= (−1)|α|(|Ω˜|+1)
∫
M
(α˜ · Ω˜) ∧ ∂J ,H(β · Ω)
= (−1)(|α|+1)|Ω˜|+1
∫
M
∂J˜ ,H˜(α˜ · Ω˜) ∧ β · Ω
= (−1)(|α|+1)|Ω˜|+1+(|α|−1)(|Ω˜|+1)
∫
M
Ω˜ ∧∆α ∧ β · Ω
= (−1)|α|
∫
∆α ∧ β.
✷
11This operation was also used by Gualtieri in Ref. [8], and had appeared before in the literature
of Dirac structure. We thank M. Gualtieri for pointing this out to us.
12We note that Ω˜ is not the complex conjugate of Ω. In physical terms, if Ω is interpreted as a
ground state in the Ramond-Ramond sector of the (2, 2) supersymmetric sigma model, then Ω˜ is
the analog of the so-called BPZ conjugate of Ω.
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Given a solution ǫˆ(t) of the Maurer-Cartan equation as stated in Theorem 8, one
can construct a differential on gˆ given by
DE ≡ dE + [ǫˆ, ·].
Let ∂a = ∂
L/∂ta be the left derivatives with respect to ta, and Oa ≡ ∂aǫˆ(t). It is
easy to show that Oa live in the cohomology of DE ; they form a local basis in the
tangent space of M at ǫˆ. The metric on M is then defined by
Gab =
∫
Oa ∧ Ob.
From the form of the solution ǫˆ(t) given in Theorem 8, Oa = ǫˆa+∆ρa for some ρa. It
follows immediately that Gab(t) = Gab(0); namely, the metric G is locally constant
in the flat coordinates t. Physically, this means that the two-point functions are
invariant under deformations.
Another ingredient of the Frobenius structure is a tensor C cab , defined by
Oa ∧Ob = C
c
abOc +DEOab, (15)
where Oab is defined only up to DE-closed terms. We use the locally constant metric
G to raise and lower the indices: Cabc ≡ C
d
ab Gdc.
Proposition 11 There exists a potential S such that Cabc = ∂a∂b∂cS in the flat
coordinates.
Proof: Let ǫˆ(t) =
∑
a ǫˆat
a+∆φ ∈ gˆ2 be a solution to the Maurer-Cartan equation
(13) that satisfies the conditions in Theorem 8. The potential is given by
S =
1
2
∫
dEφ ∧∆φ+
1
6
∫
ǫˆ ∧ ǫˆ ∧ ǫˆ.
The rest of the proof follows the calculation in the appendix of Ref. [1]. ✷
One can also introduce the generalized periods as in [1]. Let ǫˆ(t) ∈ gˆ2 be a
solution to the Maurer-Cartan equation as given in Theorem 8. We define the
deformed generalized holomorphic volume form by
Ωˆ(t) ≡ e−ǫˆ(t) · Ω.
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By the same argument as in Proposition 7, one easily shows that Ωˆ(t) is dH-closed.
Let θa be the dual basis of ∂a on the tangent bundle of Mˆ. The generalized periods
are then defined by Πi ≡ Πiaθ
a, where
Πia =
∫
Ci
∂aΩˆ(t).
In the above expression, {Ci} denote a basis of the dual of the twisted de Rham
cohomology H•(dH), and the integration sign denotes evaluation of [∂aΩˆ] ∈ H
•(dH)
on Ci. In the special case of H = 0, Πia are simply integration of ∂aΩˆ on homology
cycles Ci that represent a basis of H•(M,C).
The structure constants C cab then define a natural connection ∇ on TMˆ via
∇∂aθ
b = C bac θ
c.
Just like in the more special case studied in Ref. [1], one can show that ∇ is a flat
connection. To this end, it suffices to assume that ∂a is even. From the Maurer-
Cartan equation, we have
DE∂a∂bǫˆ(t) = ∆(∂aǫˆ(t) ∧ ∂bǫˆ(t)) = ∆DEOab,
where Oab is defined in (15). From the generalized ∂∂¯-lemma for DE and ∆ [20], we
have ∂a∂bǫˆ+∆Oab = ∆DEfab for some fab. As Oab is only defined up to DE-closed
terms, we can absorb DEfab into the definition of Oab. Therefore, there exists Oab
such that
∂aǫˆ ∧ ∂bǫˆ− ∂a∂bǫˆ = A
c
ab ∂cǫˆ+ (∆ +DE)Oab.
It then follows that
∂aΠi =
∫
(∂aǫˆ ∧ ∂bǫˆ− ∂a∂bǫˆ) · Ωˆ(t) · θ
b
= −A cab Πicθ
b.
In the last line above, we have used the relation
(∆O +DEO) · Ωˆ(t) = dH(O · Ωˆ(t)),
a fact that one can check easily. This immediately shows that ∇∂aΠi = 0 for all i.
Since Πi form a local frame on TMˆ, we have:
Corollary 12 The connection ∇ is flat.
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6 Physical Interpretations
The unobstructedness of the extended moduli space Mˆ has direct physical implica-
tions, since Mˆ parameterizes admissible deformations of the generalized B-model.
To explain this connection, we need some physical background. The generalized
B-model [13] is a topological sigma model defined on a (twisted) generalized Calabi-
Yau manifold M . It is equipped with a nilpotent BRST operator QB, and is an
example of cohomological field theories. One way to construct the generalized B-
model is to regard it as a ‘twisted version’ of the (2, 2) supersymmetric sigma model
on M . At the quantum level, the generalized B-model is a well-defined cohomo-
logical field theory if and only if the target manifold admits a (twisted) generalized
Calabi-Yau structure (M,J ; I) [13]. Furthermore, the BRST operator QB can be
identified with dE, the Lie algebroid differential associated with the +i-eigenbundle
of J , and the space of observables is identified with the Lie algebroid cohomology
⊕pH
p(dE). In the special case when M is an ordinary Calabi-Yau manifold, the
generalized B-model reduces to the more familiar A-model and B-model discovered
by Witten [26].
The space of observables parameterizes possible deformations of the theory. In
the case of a cohomological field theory, deformations can be explicitly constructed
as perturbations to the original Lagrangian by using the descent equations. Even
though such a deformation is automatically annihilated by the original BRST op-
erator, it can only be regarded as an infinitesimal deformation of the generalized
B-model as a cohomological field theory. The reason is that after the perturbation,
there is no guarantee that the new theory still admits a nilpotent BRST operator.
The question whether additional admissible perturbations can be added to the La-
grangian to restore the nilpotency of the BRST operator is nontrivial in general.
For ordinary B-model defined on Calabi-Yau manifolds, this analysis was initiated
by Witten [26] and later completed by Barannikov and Kontsevich [1].
The results in secs. 4 and 5 show that for the generalized B-model defined on
a twisted generalized Calabi-Yau manifold, an infinitesimal deformation can always
be completed into a finite deformation such that the perturbed theory is still coho-
mological. In this context, the extended moduli space Mˆ is nothing but the moduli
space for the family of cohomological field theories, with the base point being the
original unperturbed generalized B-model. Other results of Sec. 5 also translate eas-
ily to this physical setup: the BRST operator of the deformed theory is identified
with DE ; an independent basis of observables in the deformed theory can be taken
to be Oa = ∂aǫˆ; the topological metric on the space of observables is given by the
two-point functions Gab, and from Sec. 5 we know that it receives no corrections in
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the extended moduli space; the three-point functions are given by the tensor Cabc
that comes from a single potential S as given in Proposition 11. In the special case
of dimRM = 6 that is of interest in string theory applications, the potential S can
be interpreted as the classical action of the string field theory of the generalized
B-model.
The attentive reader might have noticed a subtlety in the above reasoning. Con-
sider a small (but finite) deformation living in the classical moduli space M. By
definition, it corresponds geometrically to an integrable deformation of the general-
ized complex structure J and is parameterized by some ǫ ∈ C∞(∧2E∗) that satisfies
the Maurer-Cartan equation. The deformed theory is again a cohomological field
theory, but the relevant underlying generalized complex structure is now Jǫ. From
this perspective, one expects the BRST operator of the deformed theory to be given
by the Lie algebroid differential associated with Jǫ, namely dEǫ. On the other hand,
we have identified the deformed BRST operator with DE = dE + [ǫ, •] in the last
paragraph. However, dEǫ and DE are different operators. From the discussion in
Sec. 5, DE is a deformation of the original Lie algebroid differential dE and it pre-
serves the grading of g defined in (11); dEǫ, on the other hand, does not preserve
the grading of g.
The way out of this apparent contradiction is to note that although dEǫ 6= DE ,
the differential complexes associated with them are isomorphic. To see this, let
σ : E → Eǫ be the isomorphism given by
σ : A 7→ Aǫ ≡ A+ Ayǫ, ∀A ∈ C
∞(E),
and σ∗ : E∗ǫ → E
∗ be its dual. They can be promoted naturally to maps of complexes
σ : ∧•E → ∧•Eǫ, σ
∗ : ∧•E∗ǫ → ∧
•E∗.
Then we have the following proposition, whose proof can be found in Appendix.
Proposition 13 The map σ∗ is an isomorphism of complexes (g, DE) and (gǫ, dEǫ),
i.e.,
dEǫ = σ
∗−1 ·DE · σ
∗.
Therefore, it is justified to identify DE as the deformed BRST operator.
Appendix
In this appendix, we give a proof of Proposition 13. We show that ∀ω ∈ C∞(∧•E∗),
σ∗ · dEǫ · σ
∗−1ω = DE ω (16)
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Let π denote the projection from TC ⊕ T
∗
C
to TC. By restriction, it provides the
anchor maps for all the Lie algebroids (E,E∗, Eǫ and E
∗
ǫ ) considered below. For
A ∈ C∞(E), we use the notations Ayǫ and ιAǫ interchangeably, and we denote σ(A)
by Aǫ.
We proceed by induction on the degree of ω. First, consider the case ω = f ∈
C∞(M). For any A ∈ C∞(E), we have
σ∗dEǫσ
∗−1f(A) = dEǫf(Aǫ) = π(Aǫ)f
= π(A)f + π(Ayǫ)f
= dEf(A) + [ǫ, f ](A) = DEf(A).
Therefore (16) holds for ω ∈ C∞(M).
Next, assume ω ∈ C∞(E∗). For any A,B ∈ C∞(E), we have
σ∗dEǫσ
∗−1ω(A,B) = dEǫ(σ
∗−1ω)(Aǫ, Bǫ)
= π(Aǫ)σ
∗−1ω(Bǫ)− π(Bǫ)σ
∗−1ω(Aǫ)− σ
∗−1ω([Aǫ, Bǫ])
= π(Aǫ)ω(B)− π(Bǫ)ω(A)− ω(σ
−1[Aǫ, Bǫ]). (17)
Using the definition of the Courant bracket, and that both E and Eǫ define gener-
alized complex structures, it is easy to show that
σ−1[Aǫ, Bǫ] = [A,B] + dE∗ ǫ(A,B) + (ιAǫ)ydE∗B − (ιBǫ)ydE∗A.
Here dE∗ denotes the Lie algebroid differential associated with E
∗. Substituting it
into (17), and after some algebra one obtains
σ∗dEǫσ
∗−1ω(A,B) = dEω(A,B) + π(ω)ǫ(A,B) +By[Ayǫ, ω]−Ay[Byǫ, ω]
= dEω(A,B) + [ǫ, ω](A,B)
= DE ω(A,B),
so (16) also holds for ω ∈ C∞(E∗). Since both DE and dEǫ are derivations, one can
easily show that (16) holds for ω with arbitrary degree by induction. This completes
the proof of Proposition 13.
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